Kondo-necklace model can describe the magnetic low-energy limit of strongly correlated heavy fermion materials. There exists multiple energy scales in this model, each of which indicates a phase. Here, we study quantum phase transitions between these different phases, and show the effect of anisotropies in terms of quantum information properties and the vanishing of energy gap. We employ the perturbative unitary transformations to calculate the energy gap and spin-spin correlations for the model in spatial dimensions d = 1, 2, and 3 as well as for the spin ladders. In particular, we show that the method, although being perturbative, can detect the phase transition point by imposing the spontanous symmetry breaking, in good agreement with numerical and Green's function methods . We also use concurrence, a bipartite entanglement measure, to probe the criticality of the model. This is based on finding points or regions in which the derivative of concurrence shows non-analyticity. This concurrence is also able to detect critical points in indicative of that the quantum correlations in this model are basically bipartite. Moreover, we discuss the crossover from the 1-to 2-dimensional model via the ladder structures.
I. INTRODUCTION
Strongly correlated systems have many competing energy scales driving system into a variety of phases. At zero temperature two different phases are separated by a quantum critical point, where the quantum fluctuations become strong leading to a quantum phases transition (QPT), 1 where a macroscopic change occurs in the system. The role of correlations, either classical or quantum, between underlying degrees of freedom is the key to understanding QPT. The latter is called entanglement, which is a measure of nonlocal correlations of quantum manybody states. Entanglement is a versatile quantity intensively studied in quantum information theory and strongly correlated systems providing an exchange of ideas between two apparently distinct fields. Indeed, the entanglement has been recognized as an essential resource in quantum computation and communication 2 . Entanglement based ideas lead to distinguish criticality from off-criticality in 1d 3 , area law scaling of entanglement entropy 4 and topological sub-leading term 5, 6 . Kondo lattice model 7 is one of the promising models in the study of strongly correlated heavy fermion compounds 8 , where the partially filled shells (f ) are screened by outer shells (s or p). Inner shells are localized and can be effectively characterized by magnetic impurities located in the electron gas of outer shells. In the presence of strong interaction between the magnetic impurities and electron gas, a more simplified version of Kondo lattice, namely Kondo-necklace (KN) model 9 arises (see Sec. III). The phases of the Kondo-necklace model in spatial dimensions d=1,2,3 have been studied by different methods. While numerical Monte Carlo 10 and Density Matrix Renormalization Group 11 (DMRG) results confirm the absence of QPT in 1d, a phase transition between antiferromagnetic (AF) and Kondo singlet phases occurs in higher dimensions.
In this work we study QPT of the anisotropic Kondonecklace model in spatial dimensions d = 1, 2, and 3 by employing perturbative continuous unitary transformations (PCUT) 12 . As the extreme limit of the spin liquid phase of the model is characterized as isolated dimers, the model is well suited through the above method, then the inter-site interaction is treated perturbatively. Moreover, the system is studied at the thermodynamic limit. Other merits of the method are as follows. At the first glance, with implementing PCUT on the contrary of some numerical methods, we can obtain energy of states analytically as a function of Hamiltonian parameters. It helps us to find some other underlying phase transition witnesses such as concurrence (from correlation functions that they themselves can be calculated from derivatives of ground state energy correspond to Hamiltonian parameters at zero temperature). In addition, in this method we don't need knowing eigenstates of the system for finding ground and excited states energies and we can calculate energies independent of finding systems eigenstates (In some numerical methods such as quantum Monte Carlo we should guess a prime trial state). Last, in this method, we don't have any size and dimension restrictions that put lots of obstacles in front of some other numerical methods. We can use this method for arbitrary dimensions and system sizes.
We further characterize the QPT by using "concurrence" 13 as a measure of entanglement between a pair of spin-1/2 particles. We will use entanglement of the ground state in order to characterize the phase transition. The entanglement properties of the one dimensional Kondo-necklace model with a few sites in order to have analytical results has already been addressed 14 . In the current work we will take the thermodynamic limit via PCUT and probe the phase transitions in spatial dimensions d = 1, 2, and 3. Despite its local nature, nonanalytic behavior of derivatives of concurrence signals a phase transition in the system, and its scaling in the vicinity of critical points is connected to the universality class of the model 15, 16 . We will show that the critical points detected by such nonanalyticities are not only in well agreement with the gap closing points but with mean-field theory [17] [18] [19] and Green function 20 results. Moreover, we discuss the crossover from the non-critical one-dimensional model to the critical two di-mensional one investigating the properties of the model on the ladder geometry.
The paper is organized as follows. In Sec. II the PCUT method is briefly reviewed. Next, in Sec. III the explicit expression for ground state energy and excitation spectrum of the Kondo-necklace model are derived by PCUT method, and the QPT of the model is discussed in Sec. IV. Finally, we present the summary and discussion of our results.
II. PERTURBATIVE CONTINUOUS UNITARY TRANSFORMATION
There are few examples in strongly-correlated systems where one can find exact solutions, i.e., exact ground state and excitation spectrum in addition to some correlation functions. However, numerical methods give an approximation for the physical properties of these systems. One of these methods, which can diagonalize a Hamiltonian properly, regardless of system size, is the continuous unitary transformation. This method had been introduced simultaneously in Refs. [21] [22] [23] for condensed matter systems and quantum chromodynamic problems. In this approach the Hamiltonian is considered as a function of a flow parameter (l). The Hamiltonian is transformed to a simpler form (diagonal or band-block diagonal) under a flow equation which is based on applying infinite numbers of infinitesimal unitary transformation.
Let us define the Hamiltonian, H(l), as a function of a continuous parameter l where H(0) is the bare Hamiltonian and H(∞) is the final diagonalized effective one. The evolution of the Hamiltonian in terms of the continuous unitary transformation is given by the following sets of equations
where U (l) is the unitary transformation and the antihermitian operator η(l) = dU dl U † is the generator of this transformation. There are several choices for η(l) which depends on the Hamiltonian and the possibility to find a closed form for the transformation. For instance, Wegner considered
where H d is the diagonal part of Hamiltonian in a specified base ket and H nd is the corresponding off-diagonal part. Accordingly, the generator is defined by
However, it does not lead to an analytic solution for l → ∞, as a general case. Moreover, the Wegner choice mixes the blocks of Hamiltonian during transformation if the original Hamiltonian is block diagonal. To overcome this problem Mielke 24 proposed a generator to preserve the band diagonal form of the initial Hamiltonian and accordingly Knetter and Uhrig introduced the perturbative continuous unitary transformation (PCUT) 12 . In this approach the original Hamiltonian is decomposed to two parts H(0) = H 0 + λH s , where the unperturbed Hamiltonian is H 0 = H d (0) and H s represents the offdiagonal part at l = 0 which is considered as a perturbation for H 0 . Then, the generator of transformation is obtained order by order in terms of perturbation parameter λ. Moreover, the off-diagonal part evolves to reach the l = ∞ effective Hamiltonian. However, PCUT has two prerequisites:
1. The unperturbed Hamiltonian (H 0 ) has to be composed of equidistant energy levels which are bounded from below.
2. The perturbing Hamiltonian (H s ) should be written as H s = N n=−N T n for finite value of N , where T n increases or decreases the energy quanta of the specified levels defined by H 0 , i.e., [H 0 , T n ] = nT n .
We follow the formalism defined by Uhrig and Knetter, in which the generator of transformation is defined by
where k is the order of perturbation, F (l; m) are real valued functions which are obtained by recursive differential equations 12 and m denotes a sequence of quanta labels
Moreover, |m| = k means the summation is done on all possible configurations of a sequence with k members. In the above equation, M (m) is the total number of energy quanta which is created or annihilated by T (m). In this respect, the Hamiltonian is given in the following form
In order to get a final diagonalized Hamiltonian, the number of energy quanta which is created or annihilated at l = ∞ must be zero. Therefore, we can write the effective Hamiltonian as 
III. PCUT FOR KONDO-NECKLACE MODEL
The anisotropic Kondo-necklace model on a hypercubic lattice is defined by the following Hamiltonian,
where τ i is the spin of itinerant electrons on the d-dimensional hypercubic lattice with L d sites, s i is the spin of localized electrons connected to each lattice point and i, j represents the nearest neighbor sites on the lattice. and J 0 and ∆ are, respectively, the local exchange coupling and anisotropy parameter. Here J and η µ are the exchange and anisotropy couplings on the lattice, respectively. The one-dimensional lattice is shown in Fig. 1 and a generalization to two and three dimensional system can be deduced from this figure. We have considered the fully anisotropic case, which enables us to study the anisotropy effects as well to obtain the correlation functions via introducing a generating function. For simplicity, we define J/J 0 = λ and set J 0 = 1. To apply PCUT we consider the following decomposition of Hamiltonian
where α = (∆ − 1)/λ. The anisotropic part of local interactions are considered in the perturbing part (H s ) in order to have an equidistant spectrum for H 0 which satisfies the first criterion for PCUT approach. The ground state of H is a Kondo-singlet state for J 0 ≫ J which justifies λ = J/J 0 to be small. In other words, we trace the quantum phase transition from the Kondo-singlet phase where λ is a small parameter. The Kondo-singlet state is the ground state of the unperturbed Hamiltonian (H 0 ) which is a product of singlets on local dimers (τ i -s i pair).
Moreover, the spectrum of a local dimer is composed of a singlet and triplet state representing two quanta, 0 and 1, respectively. Thus the effect of H s on two neighboring singlets changes the quanta by n with n = 0, 1, 2 which provides the same coefficients (C(m)) derived in Ref. 12 for our calculations.
A. Tn operators
To find H eff we need to calculate the T (m) operators which essentially define the effect of H s on a base ket. As far as the Hamiltonian is composed of two body interactions the effect of H s can be represented by its effect on two neighboring dimers, i.e.,
A dimer is a pair of τ i spin and its corresponding neighboring impurity spin s i which can be in a singlet or triplet state configurations. Accordingly, the effect of H i,j s on two neighboring dimers (i, j) may change the quanta of the state by n = 0, ±1, ±2 which is represented by q n . Therefore, the pair Hamiltonian of H s is written in the following form:
Two neighboring dimers are represented by 16 configurations depending on the configuration of each dimer to be in a singlet or triplet state. We have summarized the effect of all q n operators on all possible 16 states of two neighboring dimers in Table A of Appendix A . The translational symmetry of the Hamiltonian allows us to use Table A for any pair of neighboring dimers. According to Eq. (9) the perturbing Hamiltonian, H s is written in terms of a sum on q n operators. For instance, in the one-dimensional model which has L dimers with periodic boundary condition we arrive at
In the above equation, T n is the sum of q n operators on all bonds which connects two neighboring dimers on the lattice.
B. Ground-state energy
According to the PCUT approach the ground-state energy (GSE) is given by 0|H eff |0 , where H eff is given in Eq. (6), and |0 is the direct product of singlet states over all dimers. We have calculated the ground-state energy per spin (ε = E 0 /(2L d ) for the fully anisotropic model and on d-dimensional hypercubic lattice up to the 4th order of perturbation. Note that there are two spins (τ , s) corresponding to each lattice point, τ on the hypercubic lattice and s a local spin moment. Moreover, the following result is valid for a lattice in the thermodynamic limit (L → ∞):
where λ = λ/4. The first term in the above equation is the singlet ground state energy, i.e. the zeroth order value. We have compared the PCUT results with the Lanczos diagonalization ones for the one-dimensional isotropic case in Table I . The Lanczos computations have been done on several lengths up to 24 spins (L = 6, 8, 10, 12) where we found a tiny finite size dependence which concludes that the 24 spins model represents the thermodynamic value. The last column in Table  I shows the percentage error of the PCUT results compared with the Lanczos ones where the maximum error is less than 0.1% for λ = 1. It confirms that the PCUT results are reliable as far as λ < 1. We have also made a similar comparison for other values of anisotropies which lead to the same conclusion. We have also calculated the ground state energy of Kondo-necklace model on ladder geometry which is a quasi one dimensional model. A three legged ladder is shown in Fig. 2 . This is important to study the crossover between one and two dimensional systems. The n-leg KN ladder is a set of n KN chains which interact via the τ -spins as given by the J J J following Hamiltonian
where the local term is isotropic, the anisotropy parameters along the chain direction is given by η α and the anisotropy along the rung direction is represented by η ′ α . The exchange interaction along the rungs is J ′ and its ratio to the leg interactions is given by x = J ′ /J. The periodic boundary condition is assumed along the leg direction while it is open along rungs. The ground state energy per spin for n-leg KN ladder to the 4th order of perturbation expansion in PCUT approach is obtained to be The above equation reduces to the energy of d = 1 dimensional KN model for n = 1 and also for x = 0. It should be noted that Eq. (14) has been calculated for the isotropic local interaction α = 0.
C. Excitation spectrum
The one magnon dispersion can be obtained using PCUT approach. A magnon is created by exciting a singlet dimer to a triplet in the Kondo-singlet ground state. We show the one magnon state by |j =| s, s, · · · , t j , · · · , s where the singlet dimer at position j has been replaced by a triplet state. Among the three states in the triplet set (t ±
The dispersion of the magnon spectrum is calculated by the following equation
Due to the existence of a triplet dimer in the excited state, the amount of calculation of Eq. (16) increases dramatically for the 4th order of perturbation. Therefore, we had to restrict our calculation to the 3rd order of perturbation for the one magnon spectrum. The magnon dispersion of the one dimensional model is expressed by the following relation with η x = η y = 1,
In contrast to the ground state energy the spatial dimension does not enter directly to the dispersion of magnons, because the calculation depends on the position of the triplet excited dimer. A similar calculation leads to the magnon dispersion for two and three dimensional hypercubic lattice which is presented in Appendix B.
The minimum of the magnon energy defines the energy gap which appears at the antiferromagnetic wave vector k x = π for the one dimensional model and gives the following dependence of the gap on the model parameters,
The gap, G 1 , is always nonzero for the interested range of parameters representing no magnetic order for the one dimensional model while G 2 and G 3 behave differently. The magnon dispersion of the two dimensional lattice is plotted in Fig. (3) for λ = 0.5, η x = η y = 1, η z = 0 and α = 0. The excitation energy gets its minimum at k = (π, π) which verifies the antiferromagnetic ordering. For the two dimensional lattice, the energy gap is given by
A similar calculations show that for three dimensional lattice the excitation energy is minimized at the antiferromagnetic vector k = (π, π, π) where the energy gap is
The analysis of G 2 and G 3 are given in the next section where quantum critical point (QCP) is recognized at the position of zero gap.
IV. QUANTUM PHASE TRANSITION
The quantum phase transition in KN model is a competition between the Kondo-singlet phase and the antiferromagnetic long range order. The U (1) symmetric one dimensional model is always in the Kondo-singlet phase for any value of λ 17,25 which agrees with the nonzero gap (G 1 ) obtained in Eq. (18) . However, the one dimensional model with Z 2 symmetry shows a quantum phase transition to antiferromagnetic order at λ c = 2.22 for the Ising interaction between τ -spins, i.e., η x = η y = 0 and η z = 1 19 . Unlike the one dimensional model, both two and three dimensional KN Hamiltonian with U (1) symmetry show a quantum phase transition from the disordered Kondo-singlet to the antiferromagnetic ordered phase 17, 20, 25 . The quantum critical point depends on the anisotropy parameters; however, the critical value of the control parameter is less than one (λ c < 1) for both 2-and 3-dimensional models. It supports our approach to study the quantum phase transition of KN model by PCUT.
We study the QPT of KN model by implementing two different measures. (A) The energy gap which vanishes at the QCP. (B) The derivative of bipartite entanglement that shows a singular behavior at the QCP. It should be emphasized that PCUT gives a results for the thermodynamic limit (L → ∞) although its accuracy is given by the order of perturbation.
A. Energy gap
We obtain the quantum critical point (QCP) of the two and three dimensional KN model for different anisotropy parameters. We have plotted the energy gap of the two dimensional model, Eq. (19), in Fig. 4 and the three dimensional gap, Eq. values ∆). It is clearly seen that as the anisotropy parameter ∆ on the bonds increases the phase transition at critical point λ c occurs at higher values. This is sensible because the gap between singlet and triplet states increases with ∆. Thus a higher value of λ c is needed to close the gap and drive the Kondo singlet phase to the antiferromagnetic phase.
B. Concurrence
In this subsection the entanglement between spin degrees of freedom is used to detect the phase transition point. The role of entanglement in characterizing QPT has been studied in the past few years. Reference 15 showed that the concurrence as a measure of entanglement, though being a local quantity, can be considered to trace the QPT. They found that the derivative of concurrence with respect to the control parameter diverges at the QCP for the Ising model in a transverse magnetic field. Finite size scaling and critical exponents coincide with the universality class of the phase transition. The nonanalytic behavior of quantum correlations which are encoded in entanglement has been discussed in several works for spin models [26] [27] [28] [29] [30] [31] as well as itinerant systems [32] [33] [34] . In this respect we study the derivative of concurrence for the KN model to find the QCP and its dependence on the anisotropy parameters. In particular, we use concurrence as a profound measure of entanglement between two spin 1/2. 13 The concurrence of a pair of spin-1/2 is obtained by the following expression,
where λ 1 ≤ λ 2 ≤ λ 3 ≤ λ 4 are the eigenvalues of the matrix ρ ABρAB , in which ρ AB is the reduced density matrix for the pair labeled by A and B,
The reduced density matrix can be written in terms of two point correlation functions,
where i, j runs over all Pauli matrices and unit operator in the corresponding Hilbert space. The 1 2 σ A(B) can be either s or τ spins defined in the KN Hamiltonian. We define the following generating functions to calculate the correlation functions from the ground state energy obtained in previous sections,
and taking into account the normalization of the ground state we will arrive at The explicit expressions of the correlation functions in terms of model parameters for two neighboring spins are presented in Appendix C. We consider two cases to study the concurrence and its derivative for KN model. In the first case, the ground state is supposed to have Z 2 symmetry, i.e., no spontaneous symmetry breaking (SSB). We get zero magnetization for this ground state, m α ≡ τ α = 0. Therefore, the concurrence between two neighboring spins of itinerant electors on the hypercubic lattice is given by the following equation:
We have plotted the concurrence of two neighboring τ -spins given by Eq. (26) in Fig. 6 for one, two and three dimensional KN lattice (in addition to the n-leg ladder structures which will be discussed latter). None of plots show a non-analytic behavior to signal out a quantum phase transition. We have also examined the derivative of plots presented in Fig. 6 and found no divergent behavior. Reference 35 pointed out that the symmetry breaking of the ground state is necessary to be taken into account to find the quantum phase transition in some spin models. Accordingly, we will calculate the concurrence in the presence of SSB. The PCUT approach is a systematic perturbative scheme to consider the effect of interactions on a noninteracting Hamiltonian (H 0 ). In our model, the ground state of H 0 is a Kondo-singlet state which preserves the Z 2 symmetry of the Hamiltonian. And, all order perturbative results respects the Z 2 symmetry which gives both magnetization and staggered magnetization to be zero. The SSB can be added to our PCUT results through a mean-field approximation. In this case, the expectation value of a single spin is approximated from the pair correlation function, i.e.,
The off-diagonal correlation functions are also approximated as the product of the corresponding spin expectation values in the presence of SSB. The concurrence, Eq. (21), is calculated again in the presence of SSB and the corresponding plots for one, two and three dimensional models are presented in Fig. 7 . The rapid change of concurrence close to QCP leads to a seemingly divergent behavior for the derivative of concurrence which is shown in Fig. 8 . It justifies that the divergent behavior for derivative of concurrence which comes out of a ground state with SSB represents the quantum critical point. We have summarized the QCP obtained by this method in Table III . along with the results obtained by the vanishing of energy gap and also the results of mean-field and Green's function approaches. The 2d result which has been obtained by the derivative of concurrence is close to the the GF QCP while there is a difference for the result which is given by the zero point of energy gap. The reason is mainly due to the third order calculations for energy gap compared with the 4th order calculations for the ground state energy from which the concurrence has been obtained. A controversial issue rise up here, the U (1) symmetric one dimensional KN model shows a quantum phase transition as witnessed by the divergent behavior of derivative of concurrence. Although a qualitative statement and the mean-field approach 17, 19 rule out the antiferromagnetic order for the one dimensional model, the present PCUT results predicts a QCP in agreement with the Green's function approach 36 . We will discuss more on this issue in the next section. anisotropy effects on the Kondo-necklace model. The advantage of PCUT is that it gives the results for the thermodynamic limit (L → ∞) which means no finite size effect exists in these results. However, it is a perturbative approach and the accuracy of results depends on the order of perturbation which has been implemented to calculate the effective Hamiltonian. We have obtained the effective Hamiltonian and consequently the ground state energy to the 4th order of perturbative scheme. A systematic calculations to higher orders of perturbation [O(λ 10 )] is possible for future investigations. We have calculated the ground state energy to order λ 4 for the hypercubic KN model in d = 1, 2, 3 dimension and also for the n-legged ladder. To justify the accuracy of the PCUT results we have compared the ground state energy per site for the one dimensional model with the Lanczos results which is presented in Table I . The Lanczos computation has been done on a chain up to 24 spins. The finite size scaling analysis on the Lanczos results shows a tiny finite size effect which concludes that the results for 2L = 24 represents the values of thermodynamic limit. The relative error presented in Table. I justifies the high accuracy of the PCUT results.
The excitation energies of the KN model have been obtained within PCUT implementation. The dispersion relation for d-dimensional KN model have been obtained as an analytic expression, Eqs. (17), (B1), and (B2). The minimum of excitations defines the energy gap which vanishes at the quantum critical point. The quantum critical points of the two and three dimensional KN model and its dependence on the anisotropy parameter ∆ have been presented in Table II More information on the nature of quantum phase transition in the KN model can be obtained by computing entanglement in the system. We have obtained the concurrence as a measure of bipartite entanglement within the PCUT approach. We have defined a generating function which gives the two-point correlation functions and consequently the bipartite entanglement of the KN model. According to Ref. 15 , the derivative of concurrence is singular at the QCP. We have calculated concurrence both without and with SSB. In the absence of SSB, we obtain zero for magnetization and also the off-diagonal correlation functions. We have observed no singular behavior in the derivative of concurrence versus λ without SSB, which is in agreement with the DMRG computations reported by Ref. 37 . This may lead us to conclude that the quantum correlations are beyond the bipartite entanglement. However, the derivative of concurrence which has been obtained in the presence of SSB gives a singular behavior at a specific value of λ, the quantum critical point, see Fig. 8 . It justifies the idea of Ref. 35 that the presence of SSB is necessary to trace the quantum critical points using the generalized entanglement entropy. Moreover, it manifests that the quantum correlations in the KN model are of bipartite nature.
The calculated values of QCP for two and three dimensional models are more reliable than the one dimensional case. Because, λ c ≪ 1 (λ c < 1), which justifies the accuracy of PCUT for d = 2, 3 while it is close to one (λ c 1) for d = 1. Moreover, the mean field approximation fails for d = 1 19 , which sheds doubt on using the mean field values to calculate concurrence with SSB while mean-field results have been reported to be reliable for d = 2, 3 cases 17 . The mean field approach 17 yields a Kondo singlet phase for the whole range of λ, i.e., no QPT while Green's function approach predict a QPT from Kondo singlet to antiferromagnetic order 36 . A qualitative description predicts no QPT for the U (1) symmetric d = 1 KN model because we get no long range order for both extreme limit of λ. The λ = 0 gives the Kondo singlet state and λ → ∞ leads to the one dimensional spin-1/2 XXZ model which has a spin-fluid ground state with no long range order. In this respect the quantum phase transition in d = 1 KN model with U (1) symmetry is controversial. However, the Z 2 symmetric KN model shows a QPT from the Kondo singlet phase to antiferromagnetic ordered phase 19 . It opens the question for more investigations on the one dimensional U (1) symmetric KN model. An interesting result which can be drawn from our PCUT approach is the properties of KN model on the n-legged ladder geometry. We have plotted the ground-state energy (GSE) per spin (ε) for n-legged ladder in addition to the 1-, 2-, 3-dimensional model in Fig. (9) . The plots of n-legged ladder are close to the value of ε for the d = 2 dimensional KN model which hints the behavior of ladders is more similar to the d = 2 model than the d = 1 case. Clearly, GSE per spin reaches the d = 2 values in the n → ∞ limit. We observe a quantum phase transition for the n-legged ladder by the abrupt change of concurrence with SSB and accordingly the divergent behavior of its derivative with respect to λ presented in Figs. 7 and 8. The value of λ c for the n-legged ladder is between the corresponding values for d=1 and d=2 cases. However, the QCP for n = 2 legged ladder experiences a jump from the d = 1 counterpart. It can be understood simply from the expressions given in Eqs. (12) and (14) where some extra terms of the ladder GSE will be omitted for n = 1. Moreover, the concurrence without SSB shows clearly that the n-legged results are similar to the d = 2 KN model which is witnessed in Fig. 6 . Although the results of concurrence without SSB are not appropriate to extract the quantum critical point they are more reliable than the results with SSB to extract the qualitative behavior because there is no mean field approximation in Fig. 6 . We conclude that the n-legged KN model has a quantum phase transition from the Kondo-singlet phase to the antiferromagnetic ordered the same as the d = 2 dimensional KN model. 
